A note on quasi-alternating Montesinos links by Champanerkar, Abhijit & Ording, Philip
A NOTE ON QUASI-ALTERNATING MONTESINOS LINKS
ABHIJIT CHAMPANERKAR AND PHILIP ORDING
Abstract. Quasi-alternating links are a generalization of alternating links. They are ho-
mologically thin for both Khovanov homology and knot Floer homology. Recent work of
Greene and joint work of the first author with Kofman resulted in the classification of quasi-
alternating pretzel links in terms of their integer tassel parameters. Replacing tassels by
rational tangles generalizes pretzel links to Montesinos links. In this paper we establish
conditions on the rational parameters of a Montesinos link to be quasi-alternating. Using
recent results on left-orderable groups and Heegaard Floer L-spaces, we also establish con-
ditions on the rational parameters of a Montesinos link to be non-quasi-alternating. We
discuss examples which are not covered by the above results.
1. Introduction
The set Q of quasi-alternating links was defined by Ozsva´th and Szabo´ [17] as the smallest
set of links satisfying the following:
• the unknot is in Q
• if link L has a diagram L with a crossing c such
that
(1) both smoothings of c, L0 and L∞ are in Q
(2) det(L0) 6= 0 6= det(L∞)
(3) det(L) = det(L0) + det(L∞)
then L is in Q.
L L0 L•
The set Q includes the class of non-split alternating links. Like alternating links, quasi-
alternating links are homologically thin for both Khovanov homology and knot Floer ho-
mology [14]. The branched double covers of quasi-alternating links are L-spaces [17]. These
properties make Q an interesting class to study from the knot homological point of view.
However the recursive definition makes it difficult to decide whether a given knot or link is
quasi-alternating.
The first author and Kofman showed that the quasi-alternating property is preserved by
replacing a quasi-alternating crossing by any rational tangle extending the crossing, and
they used it to give a sufficient condition for pretzel links to be quasi-alternating [6]. Subse-
quently Greene showed that this condition was necessary and provided the first examples of
homologically thin, non-quasi-alternating links [9]. Results in [6] and [9] provide a complete
classification of quasi-alternating pretzel links.
Using the structure and symmetry of Montesinos links and their determinants, we general-
ize the sufficient conditions given in [6] and [9] to provide a sufficient condition for Montesinos
links to be quasi-alternating, in terms of their rational parameters (Theorem 5.3). Using re-
cent results on left-orderable groups, Heegaard Floer L-spaces and branched double covers
of Montesinos links we also obtain conditions on the rational parameters of a Montesinos
The first author gratefully acknowledges support by the Simons Foundation and PSC-CUNY. The second
author gratefully acknowledges support by PSC-CUNY.
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2 A. CHAMPANERKAR AND P. ORDING
link to be non-quasi-alternating (Theorem 6.1). Furthermore we discuss families of exam-
ples which are not covered by the above results. Our results include all known classes of
quasi-alternating links appearing in [6], [9] and [21]. See also the recent preprint of Qaza-
qzeh, Chbili, and Qublan [18].1 Watson gives an iterative construction for obtaining every
quasi-alternating Montesinos link using surgery on a strongly invertible L-space knot [19]. It
is an interesting problem to determine the relation between Watson’s construction and the
conditions in Theorem 5.3.
This paper is organized as follows: Section 2 defines Montesinos links and related notation,
Section 3 proves results about the structure and symmetry of Montesinos links, Section 4
proves the determinant formula for Montesinos links, and Sections 5 and 6 prove the main
theorems and discuss examples.
Acknowledgements. The authors would like to thank Joshua Greene, Liam Watson and
Steven Boyer for helpful conversations.
2. Notation
2.1. Fractions. For integers ai, 1 ≤ i ≤ m, a1 6= 0, let [am, am−1, . . . , a1] denote the contin-
ued fraction
[am, am−1, . . . , a1] := am +
1
am−1 +
1
. . . +
1
a1
.
Let t =
α
β
∈ Q with α, β relatively prime and β > 0. The floor of t is btc = α− (α mod β)
β
,
and the fractional part of t is {t} = α mod β
β
< 1. For t 6= 0, define t̂ = 1{1t }
> 1. For
example, if t = −299 then btc = −4, {t} = 79 , and t̂ = 2920 . Note that if t > 1 then t̂ = t.
2.2. Rational tangles. We follow the original exposition due to Conway [7]. A tangle is
a portion of a link diagram enclosed by a circle that meets the link in exactly four points.
The four ends of a tangle are identified with the compass directions NW, NE, SW, SE.
Given a pair of tangles s and t, the tangle sum, denoted s + t, is formed by joining the
NE, SE ends of s to the NW, SW ends, respectively, of t. The elementary tangles 0,±1,∞
are shown in Figure 1. Adding n copies of the tangle 1 and 1 = −1 results in the integral
tangles n = 1 + 1 + · · · + 1 and n = −n = 1 + 1 + · · · + 1, respectively. The tangle
product, denoted st, is the tangle obtained by first reflecting the diagram of s in the plane
through its NW-SE axis and then adding t. If a1, . . . , am are integral tangles, the tangle
a1a2 . . . am := ((. . . (a1a2)a3 . . . am−1)am) is called a rational tangle. See Figure 1.
Conway devised the following correspondence between rational tangles and continued frac-
tions: Let t 6= 0,±1 be a rational number, and let a1, . . . , am be integers such that a1 ≥ 2,
ak ≥ 1 for k = 2, . . . ,m− 1, and am ≥ 0. If t = [am, am−1, . . . , a1], then t corresponds to the
positive rational tangle a1a2 . . . am. If t = [−am,−am−1, . . . ,−a1], then t corresponds to the
negative rational tangle a1a2 . . . am, where a denotes −a. Every rational tangle, except for
the elementary tangles 0, ±1, and∞, has a continued fraction expansion as one of the above
[7]. The product of a rational tangle with the zero tangle inverts the associated fraction;
if a1 . . . am corresponds to t, then a1 . . . am0 corresponds to 1/t. Notice that a1 . . . amam+1
1The results in this paper were obtained independently of [18].
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324
3240
Figure 1. Rational tangles are composed of sums and products of elementary tangles.
1*324 1*3240
___
Figure 2. The vertical closure (left) and horizontal closure (center) of tangle
324, the latter of which is equivalent to the vertical closure of 3240 (right).
is equivalent to a1 . . . am0 + am+1, which corresponds to the fraction am+1 + 1/t, and this
explains the correspondence between rational tangles and continued fractions.
A flype is a tangle equivalence between tangles 1 + t and th + 1, where th is the rotation
of tangle t about its horizontal axis. A positive flype is the operation that replaces t by the
equivalent tangle 1 + th + 1, and a negative flype results in 1 + th + 1. For a rational tangle
t, the tangle th can be seen to be equivalent to t by a sequence of generalized flype moves
that transpose tassels above and below the horizontal axis.
There are two ways to join the free ends of a tangle (without introducing further crossings)
to form a link. Let 1 ∗ t denote the vertical closure of tangle t obtained by joining the NW
end to the NE end and joining the SW end to the SE end. Joining the NW/SW ends and
the NE/SE ends produces the horizontal closure of t, which is isotopic to 1 ∗ t0. See Figure
2. A rational link is the closure of a rational tangle.
2.3. Montesinos links. Let ti 6= 0,±1, for i = 1, . . . , p, be a rational number with a
continued fraction expansion as above, and let e be an integer. A Montesinos link is defined,
using Conway notation, as M(e; t1, . . . , tp) = 1∗ (e+ t10+ . . .+ tp0). See Figure 3; the dotted
circle labeled ti contains tangle ti0. We define ε = e+
p∑
i=1
⌊
1
ti
⌋
. Note that this presentation
of Montesinos links differs slightly from that of Burde-Zieschang [5] and the one used by
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Greene [9] in that the sign of e is reversed. For example, Figure 4 illustrates the isotopy
taking the link of Figure 3 into the form of a Montesinos link used in [9]. If ti were ±1, then
the application of a flype would move the crossing left, where it could be absorbed by the
parameter e.
e
t1 t3t2
Figure 3. Montesinos link M(3; 317 ,
5
16 ,
−29
9 ) = M(3; 324, 530, 243) = M(5;
31
7 ,
5
1 ,
29
20).
-e -e
Figure 4. Rotate the link of Figure 3 clockwise 90 degrees, isotope the −e
crossings to the left side, and apply flypes to put each tangle into braid form.
3. Classification of Montesinos links
Let L be the Montesinos link M(e; t1, . . . , tp) = M(e;α1/β1, . . . , αp/βp).
Proposition 3.1. If p < 3, then L is isotopic to a rational link.
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Proof. Let [ak, . . . , a1] and [b`, . . . , b1] be continued fraction expansions of t1 and t2, respec-
tively. Applying e flypes to the first tangle moves the e crossings between the two tangles.
Applying isotopies and flypes to the tassels b`, b`−1, . . . , b1, in that order, results in rational
tangle form. See Figure 5. The parity of k+ ` determines the appropriate tangle closure. It
follows that L is isotopic to the rational link 1 ∗ t if k + ` is odd and 1 ∗ t0 if k + ` is even,
where t = [b1, . . . , b`, e, ak, . . . , a1]. 
a1
a2
ak b
b1
b2 a1
a2
ak
e e
b
b1
b2
Figure 5. Two-tangle Montesinos links are rational links.
If p ≥ 3 then L is classified by the rational number e+∑pi=1 βi/αi and the ordered set of
fractions ({β1/α1} , . . . , {βp/αp}) up to cyclic permutation and reversal of order [2] (see also
[5]). It follows that ε defined above is an invariant of Montesinos links.
Proposition 3.2. The Montesinos link M(e; t1, . . . , tp) is isotopic to M(ε; t̂1, . . . , t̂p).
Proof. A rational tangle t is equivalent to the tangle sum of its integral and fractional parts.
In particular, a positive rational tangle a1 . . . am is equivalent to am + a1 . . . am−10, where
am and a1 . . . am−10 correspond to btc and {t}, respectively. A negative rational tangle
a1 . . . am is equivalent to am + a1 . . . am−10, and a negative flype results in the equivalent
tangle 1 + (am + a1 . . . am−10) + 1. But, (1 + am) and (a1 . . . am−10 + 1) are equivalent to btc
and {t}.
The proposition follows by applying the above tangle decomposition to each tangle of the
Montesinos link :
M(e; t1, . . . , tp) = 1 ∗ (e+ t10 + · · ·+ tp0)
= 1 ∗ (e+ (bt10c+ {t10}) + · · ·+ (btp0c+ {tp0}))
= 1 ∗ (ε+ t̂10 + · · ·+ t̂p0) = M(ε; t̂1, . . . , t̂p). 
The linkM(ε; t̂1, . . . , t̂p) is known as the reduced form of the Montesinos linkM(e; t1, . . . , tp).
Lemma 3.3. Let ti =
α
β , for some i, and let e be any integer.
(1) (Positive flype) If ti > 0, then M(e; t1, . . . , tp) = M(e+1; t1, . . . , ti−1, t
f
i , ti+1, . . . , tp),
where tfi =
α
β − α .
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(2) (Negative flype) If ti < 0, then M(e; t1, . . . , tp) = M(e−1; t1, . . . , ti−1, tfi , ti+1, . . . , tp),
where tfi =
α
β + α
.
Proof. Suppose ti > 0. In Conway notation,
M(e; t1, . . . , tp) = 1 ∗ (e+ t10 + . . .+ ti−10 + ti0 + ti+10 + · · ·+ tp0).
A positive flype of the first i rational tangles t1, . . . , ti results in the equivalent link
1 ∗ (e+ 1 + (t10 + . . .+ ti−10 + ti0)h + 1 + ti+10 + · · ·+ tp0).
The horizontal rotation of a tangle sum is the sum of the summands horizontally rotated.
This fact and the invariance of rational tangles under horizontal rotation implies that the
link is equivalent to
1 ∗ (e+ 1 + t10 + . . .+ ti−10 + ti0 + 1 + ti+10 + · · ·+ tp0).
Furthermore,
ti0 + 1 = (α/β)0 + 1 = β/α− 1 = (β − α)/α = (α/(β − α))0 = tfi 0,
as required.
Applying a negative flype, the ti < 0 case follows similarly. 
Proposition 3.4. Let L = M(e; t1, . . . , tp) be a Montesinos link and ε as above.
(1) If
∣∣∣ε+ p
2
∣∣∣ > p
2
− 1, then L has an alternating diagram.
(2) If
∣∣∣ε+ p
2
∣∣∣ < p
2
− 1, then L has a non-alternating and adequate diagram.
Proof. L is equivalent to L′ = M(ε; t̂1, . . . , t̂p) by Proposition 3.2 above. The inequality∣∣ε+ p2 ∣∣ > p2 − 1 implies that ε ≥ 0 or ε ≤ −p.
If ε ≥ 0, then the reduced form L′ is alternating since the tangles t̂i are positive for all
i = 1, . . . , p. If ε ≤ −p, then applying a positive flype to each of the p tangles of L′ as in
Lemma 3.3, yields an alternating diagram with all negative tangles. This proves the first
case.
For the second case, suppose ti = αi/βi, where αi > 0 for all i = 1, . . . , p. Then L is
equivalent to L′ = M (ε;α1/(β1 mod α1), . . . , αp/(βp mod αp)). Since
∣∣ε+ p2 ∣∣ < p2 − 1,−p+ 1 < ε < −1, hence 1 < |ε| < p− 1. Applying a positive flype to each of the last m = |ε|
tangles of L′ results in an equivalent link L′′ = M (0; r1, . . . , rn, s1, . . . , sm), where n = p−m,
ri =
αi
βi mod αi
> 0 for i = 1, . . . , n, and sj =
αj
(βj mod αj)− αj < 0 for j = 1, . . . ,m.
Hence L′′ has at least two positive tangles and at least two negative tangles. It follows that
the reduced form for L′′ is non-alternating and adequate. 
For a rational tangle t = a1 . . . am as above, let t = a1a2 . . . am denote its reflection.
Lemma 3.5. Let L = M(e; t1, . . . , tp) be a Montesinos link and L
r = M(−e; t1, . . . , tp)
denote its reflection. Then ε(Lr) = −ε(L)− p.
Proof. The continued fraction expansion of t implies that the reflection of t, t = −t. It
follows that
⌊
1/ t
⌋
= b1/− tc = −b1/tc − 1. Hence
ε(Lr) = −e+
p∑
i=1
⌊
1/ ti
⌋
= −e+
p∑
i=1
(−b1/tic − 1) =
(
−e−
p∑
i=1
b1/tic
)
−p = −ε(L)−p. 
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4. Determinant of Montesinos links
The determinant of rational and Montesinos links follows directly from Conway’s deter-
minant fraction identities for tangle sum ta+b and product tab given in [7]:
det(1 ∗ ta+b)
det(1 ∗ ta+b0) =
det(1 ∗ ta)
det(1 ∗ ta0) +
det(1 ∗ tb)
det(1 ∗ tb0) and
det(1 ∗ tab)
det(1 ∗ tab0) =
det(1 ∗ ta0)
det(1 ∗ ta) +
det(1 ∗ tb)
det(1 ∗ tb0) .
where det(K) is Conway’s determinant. The usual deteminant det(K) = |det(K)| (Section
7 in [7]). We derive the formula for the determinant of Montesinos links (see also [1]).
Proposition 4.1. det
(
M
(
e;
α1
β1
, . . . ,
αp
βp
))
=
∣∣∣∣∣
(
p∏
i=1
αi
)(
e+
p∑
i=1
βi
αi
)∣∣∣∣∣.
Proof. Let t = α/β be the rational tangle a1a2 . . . am, as above. Then it follows by induction
on m and by the determinant fraction identity for the product that det(1 ∗ t) = α and
det(1 ∗ t0) = β.
Let ti =
αi
βi
, so
det(1 ∗ ti)
det(1 ∗ ti0) =
αi
βi
. Since 1 ∗ (e + t10 + . . . + tp0)0 = 1 ∗ t1 # . . .# 1 ∗ tp,
det(1∗ (e+ t10+ . . .+ tp0)0) = det(1∗ t1)× . . .×det(1∗ tp) =
∏p
i=1 αi. Using the determinant
fraction identity for the sum we get
det(1 ∗ (e+ t10 + . . .+ tp0))
det(1 ∗ (e+ t10 + . . .+ tp0)0) =
det(1 ∗ e)
det(1 ∗ e0) +
p∑
i=1
det(1 ∗ ti0)
det(1 ∗ ti00) ,
det(1 ∗ (e+ t10 + . . .+ tp0)) =
∣∣∣∣∣
(
p∏
i=1
αi
)(
e+
p∑
i=1
βi
αi
)∣∣∣∣∣ . 
5. Quasi-alternating Montesinos links
Proposition 5.1. Let s, ri 6= 1 be positive rational numbers for i = 1, . . . , n. Then the Mon-
tesinos link M(0; r1, . . . , rn,−s) is quasi-alternating if s > min{r1, . . . , rn}. The statement
is true for any position of the tangle −s.
Proof. We will prove the statement by induction on n. For n = 1, Proposition 3.1 implies
that M(0; r,−s) is a rational link, which is quasi-alternating when r 6= s (for r = s, this
gives the unlink on two components which is not quasi-alternating). This proves the base
case.
Let s > min{r1, . . . , rn}. By the induction hypothesis M(0; r1, . . . , rn,−s) is quasi-
alternating. Let L be the diagram M(0; r1, . . . , rn, 1,−s) and let c be the single crossing
to the left of the −s tangle. L∞ = M(0; r1, . . . , rn,−s). L0 naturally splits as a connect sum
of horizontal closure of tangles of the type t0, for a rational tangle t. Since the horizontal
closure of t0 is isotopic to 1 ∗ t, we have L0 = 1 ∗ r1#1 ∗ r2# . . .#1 ∗ rn#1 ∗ s. See Figure 6.
Let ri = αi/βi and s = α/β, where all the α’s and β’s are positive integers. By the formula
for the determinant of rational and Montesinos links
det(L0) = det(1 ∗ s)
(
n∏
i=1
det(1 ∗ ri)
)
=
∣∣∣∣∣α
n∏
i=1
αi
∣∣∣∣∣ , det(L∞) =
∣∣∣∣∣α
n∏
i=1
αi
(
n∑
i=1
βi
αi
− β
α
)∣∣∣∣∣ ,
and det(L∞) 6= 0 because L∞ = M(0; r1, . . . , rn,−s) is assumed to be quasi-alternating.
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r1 r2 -s
Figure 6. The link L0 is a connect sum of horizontal closures of rational tangles.
Since s > min{r1, . . . , rn}, we have
(
n∑
i=1
1
ri
− 1
s
)
=
(
n∑
i=1
βi
αi
− β
α
)
> 0. Hence,
det(L0) + det(L∞) = α
n∏
i=1
αi
(
1 +
n∑
i=1
βi
αi
− β
α
)
= det(L).
L0 is quasi-alternating by Lemma 2.3 in [6] and L∞ is quasi-alternating by the induc-
tion hypothesis, hence L is quasi-alternating at the crossing c. Using Theorem 2.1 in
[6], we can extend c to a rational tangle. This shows that if s > min{r1, . . . , rn+1} then
M(0; r1, . . . , rn+1,−s) is quasi-alternating. Since we did not use the position of the tangle
−s in the argument, the same argument works for any position of the tangle −s. 
Remark 5.2. Unlike the statement of Proposition 2.2 in [9], the condition s > min{r1, . . . , rn}
appearing above is not a necessary condition. For example,
M(0; 2, 7,−4) = M(−1; 2, 7, 4/3) = M(0; 2,−7/6, 4/3).
The leftmost diagram satisfies the condition of Proposition 5.1, and, hence, it is quasi-
alternating. However, the rightmost diagram fails to satisfy the above condition.
We will use Proposition 5.1 to prove a sufficient condition for any Montesinos link to be
quasi-alternating, in terms of the invariant ε defined above. Recall that for 0 6= t = α/β ∈ Q,
t̂ =
1
{1t }
, tf =
α
β − α if t > 0, t
f =
α
β + α
if t < 0, ε = e+
p∑
i=1
⌊
1
ti
⌋
.
Theorem 5.3. Let L = M(e; t1, . . . , tp) be a Montesinos link. Then L is quasi-alternating
if
(1) ε > −1, or
(2) ε = −1 and |t̂if | > t̂j for some i 6= j, or
(3) ε < 1− p, or
(4) ε = 1− p and |t̂if | < t̂j for some i 6= j.
Proof. Since reflections of quasi-alternating links are quasi-alternating, it is enough to con-
sider L or its reflection. By the symmetry of ε under reflections proved in Lemma 3.5, it
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suffices to consider the case when ε ≥ −p/2. Cases (3) and (4) follow from cases (1) and (2)
respectively.
If ε > −1 then, by Proposition 3.4, L has an alternating diagram, and hence it is quasi-
alternating.
If ε = −1 then L = M(−1; t̂1, . . . , t̂p). The condition |t̂if | > t̂j for some i 6= j implies that
we can use a positive flype on the tangle t̂i to convert L to an equivalent link which satisfies
the condition in Proposition 5.1. 
5.1. Examples.
(1) M(3; 317 ,
5
16 ,
−29
9 ), ε = 3 + b 731c + b165 c + b 9−29c = 3 + 0 + 3 − 1 = 5 > −1 which is
quasi-alternating by case 1 of Theorem 5.3.
(2) M(−1; 32 , 43 , 74), which is in reduced form; i.e., t̂i = ti. |t̂1
f | = 31 , |t̂2
f | = 41 , |t̂3
f | = 73 .
Since |t̂1f | > t̂2, this link is quasi-alternating by case 2 of Theorem 5.3. In particular,
M(−1; 32 , 43 , 74) = M(0; −31 , 43 , 74), by applying a positive flype to the first tangle. The
resulting link is quasi-alternating by Proposition 5.1.
6. Non-quasi-alternating Montesinos links
Theorem 6.1. Let L = M(e; t1, . . . , tp) be a Montesinos link with p ≥ 3. Then L is non-
quasi-alternating if
(1) 1− p < ε < −1, or
(2) ε = −1 and t̂i > 2 for all i = 1, . . . , p, or
(3) ε = 1− p and |t̂if | > 2 for all i = 1, . . . , p.
Proof. Case (1) implies that |ε + p/2| < p/2 − 1 and, by Proposition 3.4, L has a non-
alternating and adequate diagram. The Khovanov homology of a link L with such a diagram
is thick [11], which implies that L is not quasi-alternating [14].
For case (2), assume that L is in reduced form with ε = −1 and ti = t̂i > 2 for all
i = 1, . . . , p. We will show that the double branched cover Σ(L) is not an L-space. A
closed, connected 3-manifold Y is an L-space if it is a rational homology sphere with the
property that the rank of its Heegaard Floer homology HF (Y ) equals |H1(Y ;Z)|. Recall
that the branched double cover Σ(L) of a Montesinos link L is the orientable Seifert fibered
space S(0; ε, t1, . . . , tp) with base orbifold S
2 [15]. The manifold Σ(L) is a rational homology
sphere iff det(L) 6= 0 (see for example [12]). If det(L) = 0 then L is non-quasi-alternating.
Otherwise, the following theorem provides the L-space obstruction. First, define a group G
to be left-orderable if there exists a left invariant strict total ordering on G.
Theorem 6.2 ([3]). A closed connected Seifert fibered 3-manifold X is not an L-space iff
pi1(X) is left-orderable.
The next result offers the exact conditions for an orientable Seifert fibered space to have a
left-orderable fundamental group.
Theorem 6.3 ([4]). Let X be an orientable Seifert fibered 3-manifold which is a rational
homology sphere. Then pi1(X) is left-orderable iff pi1(X) is infinite, the base orbifold of X is
the 2-sphere with cone points, and X admits a horizontal foliation.
The fundamental group pi1(Σ(L)) is infinite if Σ
p
i=11/αi ≤ p − 2, where ti = αi/βi [5]. This
condition is satisfied for p ≥ 3 and ti > 2. Thus it remains to show that the space Σ(L)
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admits a horizontal foliation; i.e., a foliation which is everywhere transverse to the Seifert
fibers. The following result provides the conditions under which a Seifert fibered space admits
a horizontal foliation.
Theorem 6.4 ([8],[10],[16]). Let S = S(0;−1, α1/β1, . . . , αn/βn) be an orientable Seifert
fibered 3-manifold, where n ≥ 3 and αi/βi > 1 are rational numbers. Then S admits a
horizontal foliation iff there exist relatively prime integers 0 < a < m such that
ασ(1)
βσ(1)
>
m
a
,
ασ(2)
βσ(2)
>
m
m− a,
ασ(i)
βσ(i)
> m,
where 3 ≤ i ≤ n and σ is a permutation of {1, 2, ..., n}.
Given ε = −1 and ti > 2 for all i = 1, . . . , p, Theorem 6.4 implies that, for the choice of m = 2
and a = 1, the Seifert fibered space Σ(L) admits a horizontal foliation. The fundamental
group pi1(Σ(L)) is left-orderable according to Theorem 6.3. Finally, Σ(L) is not an L-space
by Theorem 6.2, and, therefore, L is non-quasi-alternating.
For case (3), assume that L is in reduced form with ε = 1 − p and |t̂if | = |tfi | > 2 for all
i = 1, . . . , p. The reflection Lr = M(p− 1; t1, . . . , tp). Note that,
(1) t =
α
β
> 1, t =
−α
β
, t
f
=
α
α− β = |t
f | > 1.
These relations together with Lemma 3.3 imply that the application of p negative flypes on Lr
yields M(−1; |tf1 |, . . . , |tfp |), which is in reduced form by Equation (1). Case (3) now follows
from case (2) and the fact that reflections of quasi-alternating links are quasi-alternating. 
Remark 6.5. There are more families of non-quasi-alternating Montesinos links accessible
by the proof of Theorem 6.1. For example, by choosing m = 3 and a = 2 in the notation
of Theorem 6.4, one easily shows that if t̂1 > 3/2 and t̂i > 3 for i ≥ 2, then L is not quasi-
alternating. In fact, for any choice of m with a = m − 1, the link is non-quasi-alternating
for t̂1 > m/(m − 1) and t̂i > m, i ≥ 2. In general, any Montesinos link whose parameters
satisfy the hypothesis of Theorem 6.4 is non-quasi-alternating by the same argument.
The proof of Theorem 6.1 offers an alternative to the 4-manifold techniques Greene used
to establish obstructions to the quasi-alternating property of pretzel links. A key step in
the classification of quasi-alternating pretzel links is Proposition 2.2 in [9], which states that
the pretzel P (0; p1, . . . , pn,−q) is quasi-alternating iff q > min{p1, . . . , pn}, where n ≥ 2,
p1, . . . , pn ≥ 2, and q ≥ 1. We obtain an alternative obstruction in most cases.
Proposition 6.6. For the same conditions above, the pretzel P (0; p1, ..., pn,−q) is non-quasi-
alternating if q + 1 < min{p1, . . . , pn}.
Proof. If q = 1, the pretzel P (0; p1, ..., pn,−q) is equivalent to the reduced Montesinos link
M(−1; p1, . . . , pn) with 2 < min{p1, . . . , pn}. According to case (2) of Theorem 6.1, the links
are non-quasi-alternating. If q > 1, then the pretzel is equivalent to the reduced Montesinos
link M(−1; p1, . . . , pn, q/(q − 1)). The fact that q/(q − 1) > (q + 1)/q implies that choosing
m = q+1 and a = q, in the notation of Theorem 6.4, demonstrates that the branched double
cover admits a horizontal foliation. 
6.1 Further questions and examples. It is a natural question to ask whether the condi-
tion given in Theorem 5.3 is necessary. Indeed Qazaqzeh, Chbili, and Qublan have asserted
the following:
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Conjecture 6.1 ([18]). A Montesinos link is quasi-alternating if and only if it satisfies the
conditions of Theorem 5.3.
Theorem 6.1 partially resolves the conjecture. It remains to investigate Montesinos links
whose parameters satisfy neither the conditions of Theorem 5.3 nor the conditions for ad-
mitting a horizontal foliation given in Theorem 6.4. These are Montesinos links that may
be non-quasi-alternating but whose double branched covers are L-spaces. Below we discuss
several families of such links.
(1) A Montesinos link M(−1; t1, t2, . . . , tn) in reduced form and such that |tfi | = tj ,
where ti and tj are the least and second least among the parameters t1, t2, . . . , tn.
Greene’s first example of a non-quasi-alternating knot with thin homology, 11n50 =
M(−1; 5/2, 3, 5/3), is an example of such a link. In the preprint, he remarks that his
proof generalizes to show that the infinite family M(0; (m2+1)/m, n,−(m2+1)/m) =
M(−1; (m2 + 1)/m, n, (m2 + 1)/(m2 −m+ 1)) for positive integers m,n ≥ 2 is non-
quasi-alternating [9].
(2) A pretzel link P (0; p1, ..., pn,−q) = M(−1; p1, . . . , pn, q/(q−1)) that satisfies the con-
dition q = min{p1, . . . , pn}. Any such link is known to be non-quasi-alternating [9].
(3) A pretzel link P (0; p1, ..., pn,−q) = M(−1; p1, . . . , pn, q/(q − 1)), for which q + 1 =
min{p1, . . . , pn} and pi = q + 1 for all i. However, if pi exceeds the numerator of
a rational number between q and q + 1 for all i except one, then the link will sat-
isfy the conditions of Theorem 6.4. In general, the pretzels P (0; p1, ..., pn,−q) =
M(−1; p1, . . . , pn, q/(q − 1)) for which q + 1 = min{p1, . . . , pn} is known to be non-
quasi-alternating [9].
(4) The pretzel P (0; 3, 3, 3,−2) = 11n81 is such an example, and it has thick Khovanov
homology. Since adding rational tangles preserves the width of Khovanov homology
([13, 20]), one may obtain infinite families of Montesinos links which do not satisfy
either conditions. Having thick Khovanov homology, these are non-quasi-alternating.
(5) Watson pointed us to another family of the form M(0; (2n+1)/2, n+1, (−2n−1)/2) =
M(−1; (2n+ 1)/2, n+ 1, (2n+ 2)/(2n− 1)), where n ≥ 2. See Figure 7. Their quasi-
alternating status is undetermined.
n+12n+1
2
-2n-1
2
Figure 7. Montesinos links M(0; (2n + 1)/2, n + 1, (−2n − 1)/2) for n ≥ 2
do not satify the conditions of Theorem 5.3 and Theorem 6.4.
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